Remark. The condition on the subgroup means that it is contained in the prime-to-p division hull of a nitely generated group (see below). We do not include p-division because we do not have evidence for the validity of such an extension other than in trivial cases, but we also do not have any evidence to the contrary.
In the sense above, the Mordell conjecture for curves was proven by Grauert and Samuel (see Sam TL] ). Some results about torsion, when X is a projective curve, were obtained by Coleman Col 87] . The conjecture for X a projective curve and its jacobian A ordinary was proven by the second author in Vol 90] .
In this paper we give some extensions of the paper Vol 90] in nonordinary cases and higher dimensions of X, and A permitted to be semi abelian. The methods here are an extension of the above mentioned paper, with a considerable amount of added technicality. An easy case showing some of the ideas is proven in section 3.
The results may be summarized as follows:
THEOREM A. The analogue of the Mordell Lang conjecture holds in the following cases:
(1) A is isogenous to an isotrivial semi abelian variety; (2) X is a curve;
(3) p-rank(A=Stab(X)) dim(A=Stab(X)) ? 1.
(4) X is a hypersurface in A and p-rank(A=Stab(X)) > 0.
1.3. Plan of the paper. In section 2 we recall some preliminaries needed for the paper. Section 3 gives a relatively easy proof of case 1 in theorem A, exposing the main ideas in this paper. In section 4 we recall some examples showing why the usual Mordell -Lang conjecture cannot hold in positive characteristic. Section 5 contains the main reduction steps and the proof of the rest of the theorem A.
1.4. Notation. We use the following notation throughout:
X A: X is a subvariety of a semi abelian variety, usually geometrically integral. ?: A nitely generated subgroup of A.
? 0 : the prime-to-p division hull of ?: ? 0 = fx 2 A( K) j 9n : nx 2 ?; p 6 jng: Tr K=K (p) A: the K-over-K (p) trace of A. K: an algebraic closure of K. K sep : a separable closure of K. X (p) : the Frobenius of X. K (p) : the eld of p?th powers of K. F q : the nite eld of q elements.
1.5. Acknowledgements. We would like to thank Joe Harris, Serge Lang, Barry Mazur, Michael McQuillan, Frans Oort and P. N. de Souza for lending us their expertise through interesting discussions and some enlightening remarks. The second author would like to thank the University of California at Berkeley for its hospitality during the academic year 1991-92, when much of this work was done. 2.2. Reduction to a nitely generated eld. Let X A be a subvariety of a semi abelian variety, let ? be a nitely generated subgroup of A, and let 1 ; : : : ; n be generators for ?. We can embed A as a locally closed subvariety of a projective space, in which A with the group law, X and i are de ned by nitely many equations and inequalities. Combining together all the coe cients of these equations and inequalities, we see that there is a nitely generated eld over which all our objects are de ned. Therefore, from now on, we will assume all the objects involved to be over this nitely generated eld, which we call K.
The following (well known) fact will be very useful in this paper:
Lemma 1. Let Proof. The rst statement may be shown as follows: pick an embedding of some a ne open of X into a projective space P r , pick a smooth point x 2 X and observe that a projection from a point outside the projective tangent space of X at x is an etale isomorphism onto the image near x. Therefore a projection from a general r ? dimX ? 1 plane is generically etale onto a projective space. (The projection can be chosen from a plane de ned over a separable extension.) Now every rational point in an open set in projective space pulls back to points de ned over separable extensions.
The converse follows from the fact that Zariski closure commutes with eld extensions 1 . In our case it can be show directly as follows: it is enough to work on an a ne open subset, with ring of functions R. Since the extension is at, the ideal of the inverse image of a point is the pulled back ideal. All that is needed is that the intersection of the pulled back ideals is the pullback of the intersection of the ideals. Use the exact sequence 0 ! \I ! R ! Y R=I and the fact that nite at extensions commute with arbitrary products to get the required condition.
To show that it is geometrically reduced, use the same argument for an extension eld K 1 such that (X K K 1 ) red is geometrically reduced. Lemma 2 (Chow's theorem). Let A=F be a semi abelian variety, and let F K be a nite purely inseparable extension. If B A K is a semi abelian variety, then B is de ned over F.
Proof. The image Fr(B) is de ned over K (p) . Since V is de ned over F, the image B = V (Fr(B)) is de ned over FK (p) . For some i, F K (p i ) . Repeat the argument i times and obtain the result.
An alternative argument may be given using l?torsion points and lemma 1. Since there are no families of semi abelian subvarieties (the l?torsion points are Zariski dense) one can extend this, allowing transcendental extensions as well.
Trace maps.
A useful construction on seni abelian varieties is the trace construction, which follows as in Lng AV] using Chow's theorem:
Let A=K be a semi abelian variety. There exists an isogeny of semi abelian varieties tr K=K (p) : A 1 ! A whose order is a power of p, such that A 1 is de ned over K (p) , and for any other f : A 2 ! A semi abelian variety de ned over K (p) mapping to A, the map factors through the trace map: f = tr K=K (p) g where g is de ned over K (p) . In fact, following Lng AV], in the product of several semi abelian varieties de ned over K (p) mapping to A, the semi abelian part of the kernel is de ned over K (p) , and therefore they all factor through a variety of dimension bounded by that of A.
2.5. The stabilizer. Recall that as in SGA 3], if X A is a subvariety of a semi abelian variety (or of any essentially free scheme on which an essentially free group scheme acts), then there is a well de ned group subscheme of A, Stab(X), called the stabilizer of X, which satis es an obvious universal property. It may be de ned as being the maximal closed subscheme S of A such that S X m ?1 X, where m : A A ! A is the group law. A key ingredient in this paper is the following: Lemma 3. The formation of Stab(X) commutes with eld extensions.
Proof. This follows from the fact that the stabilizer represents a certain functor, 2.6. Hilbert points. Let X A be a geometrically integral subvariety of a semi abelian variety. We assume that Stab(X) is nite. By Abr 91] X has the property known as being \of logarithmic general type" or in Lang's language as \log canonically pseudo polarized": We give the de nition following Z. Luo Luo 87, Luo 88] . Denote by X 0 the normalization of any projective compacti cation of X, and by X 0 ns the nonsingular locus. For large and divisible enough integer n, there is a nite dimensional linear subseries of H 0 (X 0 ns ; K n X 0 ns ), consisting of di erentials which are regular at each divisorial valuation of the function eld K(X) whose center lies over X and have at most logarithmic singularities at the divisorial valuations whose center does not lie over X (that is, lies over the \boundary divisor" of X). In Abr 91] it is shown using k-jet Gauss maps (for appropriate k) that a linear subseries induces a rational map X? ! P r which has degree 1 onto the image. The map is be called \the logarithmic n?canonical map". In case X is projective, this is the n?canonical map.
It is important to note the behavior of the linear series under eld extensions and certain birational modi cations. Over an algebraically closed eld, the logarithmic n?canonical map is a logarithmic birational invariant. However, it may drop in dimension with descent of base eld. We use it only to bound the subseries given by the k-jet Gauss map. The formation of the Gauss map does commute with eld extension, and therefore can be descended to any eld of de nition of X A. If X 1 A 1 f ! A X = f(X 1 ) is such that f : X 1 ! X is birational, then the linear series of the Gauss map of X injects to that of X 1 . So if we replace X by such dominating X 1 we only gain more information.
This allows us to speak about elds of moduli, at least in a weak sense: for a large k, the image of the k-jet Gauss map gives a birational model of X. 
Warming up
In this section we deal with the case when A is isogenous to an isotrivial variety, in particular completing the supersingular case. This allows us to introduce some of the methods used in the following sections.
The following lemma will be used a few times in the argument:
Lemma 4. Let X A be a closed subvariety of a semi abelian variety, ? A a nitely generated subgroup, and assume ? 0 \ X is Zariski dense in X. has the required properties, by lemma 1 above. Theorem A Part 1: Let X A be an integral subvariety of a semi abelian variety over an algebraically closed eld of characteristic p > 0. Let ? A be a nitely generated group and let ? 0 be the prime-to-p division hull. Assume f : A ! A 0 is an isogeny to a semi abelian variety A 0 which is de ned over a nite eld. If X \? 0 is Zariski dense in X, then f(X) is de ned over a nite eld.
Proof: We may assume that the variety X 0 = f(X) and ? 0 = f(?) are de ned over a eld K which is a nitely generated extension of F p . Since A 0 is de ned over a nite eld, there exists a Frobenius morphism Fr : A 1 ! A 0 de ned over a nite eld F q , as well as the verschiebung V : A ! A 0 . We may assume that F q K.
By lemma 4 applied to f =identity and g = p A there is a translate of X 0 by an element 0 of ? 0 which intersects p? 0 0 densely. But the points of p? 0 are images of K-rational points of A 1 by the Frobenius, therefore they are de ned over K (p) . Therefore, by lemma 1, X ? 0 is de ned over K (p) . Continuing in this manner, we nd that for all i, a translate X 0 ? i of X 0 is de ned over K (p i ) . Let A be an equivariant compacti cation of A. We can now choose any ample line bundle on A which is de ned over a nite eld, and obtain an associated Hilbert scheme. De ne: Z = \ k 0 f X 0 ? i ]g i k that is, the Zariski limit of the associated Hilbert points of the translates of X 0 . The scheme Z will be a subscheme of the Hilbert scheme, describing translates of X 0 , and de ned over a nite eld (since it is de ned over all K (p i ) ). Therefore, by lemma 1 there is a translate of X 0 de ned over a nite eld.
Remark: In the general case the semi abelian variety will not be de ned over a nite eld, and we will not be able to use a Hilbert scheme for subvarieties of a xed semi abelian variety. This is why we need to use the log canonical and Gauss maps. The utilization of Hilbert points is inspired by Sam TL] .
Counterexamples
It is important to note that there are many weakly isotrivial varieties which are not isotrivial.
First, let A 0 =K be a product of supersingular elliptic curves and let X 0 A 0 be a subvariety de ned over F q which has trivial stabilizer and has a smooth rational point P. Let V T (A 0 );0 be a subspace of dimension dimV > dimA ? dimX 0 which has no nonzero subspaces de ned over a nite eld. Suppose V intersects the translate of the tangent space of X at P transversally. Let N be the local subgroup-scheme of A 0 generated by V . De ne A = A 0 =N and let X be the image of X 0 by the quotient map.
Claim: A is not de ned over a nite eld. Claim: X is not de ned over a nite eld. Otherwise the embedding X ! A would factor through the Albanese of X, and after base change, the map from the Albanese would factor through the KF p =F p -trace of A, call it A 0 which is dominated by A 0 . By construction the morphism X 0 ! X has degree greater than 1, therefore Ker(A 0 ! A 0 ) is nontrivial, de ned over F p , and contained in the kernel of A 0 ! A, contradictory to assumption.
We can use this example to show that the Mordell conjecture does not hold for varieties which are isogenous to isotrivial varieties. We simply follow the example of Samuel Sam TL] . It is enough to deal with X 0 , because then we can take the image in X. Now X 0 is a base extension X 0 = Y 0 Fq K. Take K to be the function eld of Y 0 . Since Y 0 is de ned over some F q with q = p r , the r?th power of the Frobenius morphism is an automorphism of Y 0 . Let x i 2 X 0 be the generic point of the graph of the (ir)?th power of Frobenius of Y 0 , for i 0. We get in nitely many K?rational points on X 0 . Their Zariski closure is de ned over F q , as it is stable under the Frobenius. But a proper subvariety of X which is de ned over a nite eld cannot contain the generic point of the diagonal, therefore these points are Zariski dense in X.
Main Question 1. Can one construct X as above such that Stab(X) is trivial?
If the answer is \no" in a slightly stronger sense (that is, for inseparable extensions rather than transcendental extensions), then the analogue of the Mordell Lang conjecture in characteristic p is proved.
5. Proofs 5.1. The main reduction. Let X A be a geometrically integral subvariety of a semi abelian variety over K, which is a nitely generated extension of F p . Let ? A be a nitely generated subgroup, and let ? 0 be the prime-to-p division hull of ?. Assume X \ ? 0 is Zariski dense in X.
Step 1. We may assume that X generates A by taking the subgroup generated by X. We may assume Stab(X) is trivial, by taking the quotient.
Step 2. We may assume that X A is not dominated by X 1 A 1 , de ned over K (p) with X 1 birational to X: assume it were, and let T : A 0 ! A be the trace map: A 0 = Tr K=K (p) A as in Lng AV] . Then the map A 1 ! A factors through A 0 . Therefore an open set in X lifts to be a subvariety of A 0 . The image of X \ ? 0 by this lifting generates a group which is contained in the prime-to-p division hull of a ( nitely generated) subgroup ? 0 of T ?1 (?). This subgroup is generated by elements de ned over the separable closure K sep . After a nite separable extension of K, this group is generated by rational points. Let X 0 be the birational image of X in A 0 . By lemma 4 there is a translate X 0 ? such that (X 0 ? ) \ p? 0 0 is Zariski dense in X 0 ? . Now the generators of p? 0 are also de ned over K (p) , because they are the image of rational points on A (1=p) 0 by the Frobenius. The situation is now completely reduced to K (p) , and we can replace K by K (p) . Now we can use the argument of 2.6 to show that we can repeat this process only nitely many times: otherwise X would be weakly isotrivial, because the k-jet Gauss maps of the varieties we obtain are de ned over K (p i ) . Finally we arrive at X n A n and ? n A n such that X n \ ? 0 n is Zariski dense in X n , and X n is geometrically reduced, and not de ned over K (p) . One easily checks that Stab(X n ) is trivial as well.
Step 3. Let V : A (p) ! A be the Verschiebung. Let X V = V ?1 X red . As usual, there is a subgroup ? V in A (p) which intersects densely with a component of X V . Replace X V by this component. Now X V has a dense subset of separable points over K (p) , therefore X V is de ned over K (p) and geometrically reduced. We can make a nite separable extension of K, and assume X V is geometrically integral.
Lemma 5. Stab(X V ) Ker(V ).
Proof: Let N = Stab(X V ) \ Ker(V ). Then the image of Stab(X V )=N in A stabilizes X, and therefore has to be trivial.
Lemma 6. Let X 1 = X V =Stab(X V ) and let A 1 = A (p) =Stab(X V ). Then the map f 1 : X 1 ! X is generically purely inseparable. Proof. Assume f 1 : X 1 ! X has a separable part. Let K 1 be an extension eld over which Ker(V )=Stab(X) splits as a sum of an etale group and a local group scheme. The separable part of f 1 generates a subgroup of the etale part which stabilizes X 1 . By the rationality of the stabilizer (lemma 3), X 1 must have a nontrivial stabilizer before the eld extension, which contradicts the construction. sep . In this situation we say that \X admits an inseparable isogeny tower".
Conclusion of reduction:
Main Question 2. Are there varieties which are not weakly isotrivial but admit inseparable isogeny towers?
The analogue of the Mordell -Lang conjecture is proven if the answer is \no". We will now show several cases in which this holds.
Remark. One can show that after a nite number of steps the isogenies f i themselves are purely inseparable. We will not need this in the proofs.
The theorems.
Theorem A Part 2: Let X A be a nonisotrivial geometrically integral curve of genus at least 2 in a semi abelian variety over an eld of characteristic p. Let ? A be a nitely generated group. Then X \ ? 0 is nite. Proof. Before starting the reduction, note that according to Serre], X A can be replaced by X 0 A 0 , A 0 purely inseparably isogenous to A and X birational to X 0 , with the extra property that the invariant 1-forms on A 0 pull back injectively to X 0 . Now apply the reduction to X 0 A 0 . At the end of the reduction we obtained a map X 1 ! X 0 which is generically purely inseparable. By construction, the degree of X 1 over X 0 is positive, therefore the 1-forms on X 0 vanish when pulled back to X 1 . By the construction of X 0 , the invariant 1-forms on A 0 vanish on X 1 . Therefore the kernel of A 1 ! A 0 contains the span of all tangent vectors to X ns , say V . The space V is certainly de ned over K (p) and we can take the quotient by the group scheme generated by V . Repeating this argument we nally arrive at X 1 = X 0 de ned over K (p) , which contradicts the reduction steps. Theorem A Part 3: Let X A be a geometrically integral subvariety of an abeian variety over a eld K of characteristic p such that X=Stab(X) is nonisotrivial, and assume p-rank(A=Stab(X)) dim(A=Stab(X)) ? 1. Let ? A be a nitely generated group. Then X \ ? 0 is not Zariski dense in X.
Proof. At the conclusion of the reduction, there are two possibilities: Case 1: the map f 1 : X 1 ! X is a birational map, which means that X is birationally de ned over K (p) . Case 2: The map f 1 is inseparable of degree exactly p. But the degree of the local part (Ker(V )) l is p, therefore this sub-group-scheme must stabilize X 1 , contrary to the reduction.
Thus we always end up in case 1. We can now repeat the reduction inde nitely, showing, using 2.6, that X is birationally de ned over a nite eld. We need to show that X is actually isotrivial. Using the trace map we obtain a birational model X 0 inside a semi abelian variety A 0 , both de ned over a nite eld, and dominating a translate of X in A. But Proof. By the reduction steps, X admits an inseparable isogeny tower. Let a = dimA, let A i be compatible projective compacti cations of A i and let X i be the Zariski closure of X i in A i . Since Stab(X) is trivial, the self intersection number ( X a ) 6 = 0. Notice that applying steps (1) and (2) 5.3. Remarks about characteristic 0. It was pointed out by S. Lang Lng NT] that, given a non-isotrivial curve over a function eld of characteristic zero, one could deduce the Mordell conjecture for it from the result of Vol 90] by reduction mod p, if p could be chosen so that the curve had ordinary reduction modulo p. As now we have removed the ordinariness hypothesis from our result, we can use Lang's argument to give a short proof of Mordell's conjecture for function elds of characteristic zero. It should be noted that Lang's suggestion involves a mixed characteristic analogue of Hilbert Irreducibility, which is supplied by Silverman's theorem (see Lng NT] ).
In order to generalize this method to higher dimensions, several steps should be achieved. First, a rather strong analogue of the irreducibility result is needed: a dense collection of points in characteristic 0, when reduced modulo a prime, might not be dense anymore. The use of the nonisotriviality assumption is very essential. The situation is much simpler if one is interested in torsion points (the Manin-Mumford conjecture). Further, we need to either remove the hypothesis on the p-rank in part 3 of theorem A or prove that the reduction modulo p of a non-isotrivial semi abelian variety satis es it for in nitely many p. Unfortunately we cannot do the former, except when the abelian part of A has dimension at most two. As for the latter, this is a well-known open problem and can only be done at the moment (to the authors' knowledge) when the abelian part of A is isogenous to a product of nonisotrivial elliptic curves and an Abelian variety with complex multiplication. Note that the case when the abelian part has complex multiplication we can also handle the problem by part 1 of theorem A, when applicable.
We should remark that the function eld Mordell conjecture also follows from the number eld case, in which case the ultimate known result is Vojta's Voj 91] . The argument is basically the same, with specialization playing the role of reduction modulo a prime.
Theorem A could have been proved more generally for A a semi abelian scheme over a scheme S of nite type over Spec(F p ), interpreting isotrivial to mean that a variety comes from Spec(F q ) by base-change and for the proof replacing \not de ned over K (p) " by \not coming from base change of S ! S (p) ". This is almost a curiosity, but it gives the following interesting result. Let R be rami ed extension of the padic integers with algebraically closed residue eld and A a semi-abelian scheme over Spec(R). De ne a subvariety X of A to be non-isotrivial if its Kodaira-Spencer class does not vanish (see CoVo 91] for the Kodaira-Spencer class in this context). Note that the module of di erentials of R over Z is non-zero by hypothesis so this condition is not empty. Let k be the residue eld of R. Then the set of k-points in the reduction of X that lift to a point of X(R) in pA(R) is not Zariski dense in X. This is proved by applying the above considerations to varieties over S = Spec(R=p). This is an analogue of proposition of CoVo 91] which deals with unrami ed extensions of the p-adics and can be used as in CoVo 91] to prove the Manin-Mumford conjecture in the rather restrictive case in which it applies.
